Abstract In order to calculate the electron energy distribution in the fuel rod gap of a VVER-1000 nuclear reactor, the Fokker-Planck equation (FPE) governing the non-equilibrium behavior of electrons passing through the fuel-rod gap as an absorber has been solved in this paper. Besides, the Monte Carlo Geant4 code was employed to simulate the electron migration in the fuel-rod gap and the energy distribution of electrons was found. As for the results, the accuracy of the FPE was compared to the Geant4 code outcomes and a satisfactory agreement was found. Also, different percentage of the volatile and noble gas fission fragments produced in fission reactions in fuel rod, i.e. Krypton, Xenon, Iodine, Bromine, Rubidium and Cesium were employed so as to investigate their effects on the electrons' energy distribution. The present results show that most of the electrons in the fuel rod's gap were within the thermal energy limitation and the tail of the electron energy distribution was far from a Maxwellian distribution. The interesting outcome was that the electron energy distribution is slightly increased due to the accumulation of fission fragments in the gap. It should be noted that solving the FPE for the energy straggling electrons that are penetrating into the fuel-rod gap in the VVER-1000 nuclear reactor has been carried out for the first time using an analytical approach.
Introduction
The study of fuel rod temperature fluctuations has always been principal in addressing the normal operation of a light water nuclear reactor. One of the main factors that has a significant influence on the fuel rod temperature is heat transfer via particles passing through nuclear reactor fuel rods. Notably, during irradiation of the fuel, a fraction of the gaseous fission products, including volatile products such as Iodine (I) and Cesium (Cs), noble gases among them Xenon (Xe) and Krypton (Kr), electrons as well as beta particles, is released into the gap between the fuel rod and the clad, which is filled with helium gas at the beginning of the reactor operation. These migratory particles deposit a part of their energy into the gap, which yields the energy distribution of the moving particles. For sufficiently high energy particles, Helium gas decomposes into a complex mixture of ions, atoms and electrons characterized with high pressure, temperature gradient and high charged ions [1−4] , namely plasma. Accordingly, there has been a great interest to study the thermal conduction via electrons and investigate the electron energy distribution when they penetrate into the gap, which is considered as a crucial issue to properly evaluate the heat transfer property.
Several investigations have been performed in order to obtain an electron energy distribution function, especially in the field of one component plasma, by applying transport theory and the Boltzmann equation [5−7] .
In this article, the energy distribution of electrons traversing through the fuel rod gap of a VVER-1000 nuclear reactor was obtained by adopting the Langevin approach based on the FPE via the Runge-Kutta numerical method. The FPE is a simple form of the Boltzmann transport equation, which is a powerful tool for analyzing transport phenomena within systems featuring a density and temperature gradient. Besides, the nuclear reaction in the fuel pellet was simulated and the energy distribution function of electrons was computed utilizing Monte Carlo code, Geant4, which completely simulates stochastic behavior of the electrons in light and heavy ions plasma [8] . The results obtained from the FPE and Geant4 code indicate a close relationship of both energy distribution functions. Furthermore, the electron energy distribution function (EEDF) is discussed in the presence of 10% and 50% of the aforementioned fission products.
2 Brief presentation of the characteristics of fuel rods in VVER-1000 reactor
The VVER-1000 reactor belongs to the category of pressurized light water nuclear reactors. The fuel rod is composed of nuclear fuel pellets covered in a Zircollay clad, which prevents the fuel from being in contact with the coolant. There is a gap between the fuel rod and the clad, which is primarily filled with helium at 2-3 MPa pressure. Fuel pellets consist of 235 U and 238 U, which undergo nuclear fission by neutron absorption. At the beginning of normal operation of the reactor, gaseous fission fragments, i.e., Xe, Kr, volatile products, i.e., I, Cs, Rb, as well as electrons, beta particles and high energy gamma-rays are emitted as a consequence of nuclear reactions in fuel rods. An example of the fission fragment is given below [1] : (1) Before developing the main idea of the subject, a brief description of the plasma medium characteristics is outlined in the next section.
Description of plasma in the fuel rod gap
Plasma science is a branch of science which studies the ionized state of matter. Moreover, plasma is often referred to as the fourth state of matter, which can be produced by various processes such as heating an ordinary gas to a temperature greater than about 10000 o C, where the random kinetic energy of the atoms or molecules exceeds the ionization energy.
Also, plasma can be generated via ionized fission fragments in the fissile fuels in a reactor core [1−4] . These fission fragments accumulate following continuous fission reactions [9] . Among them, the gaseous products such as Xenon (Xe) and Krypton (Kr) and the volatile products, Iodine (I), Cesium (Cs) and Rubidium (Rb) are insoluble in the fuel. They undergo random movement and redistribute in the fuel pin [10] and gradually migrate to the gap.
The δ-electrons [1] generated by the high charged fission products, i.e. 20 + -22 + , along with the electrons released following the ionization process, create the gaseous plasma in the fuel rod gap, which was initially filled with helium gas.
It should be noted that the gaseous plasma generated in the gap is different from the single component plasma, which was investigated by Hassan, Deese [5] , Lo, Miley [6] , and Deese, Hassan [7] . The temperature gradients are inescapably much steeper in gaseous plasma generated in the gap. Plasma temperature varies considerably from the fuel rod surface, 900 K, to the inner side of the clad, 400 K. The same situation can be seen for the plasma pressure gradient in the gap. Therefore, the electrons that migrate from high to low pressure experience multiple scattering. Hence, the energy distribution function of electrons in the plasma in the fuel rod gap is extremely important.
The Langevin approach based on Fokker-Planck equation
The rate of change in a function, i.e., probability of finding a particle in phase space, is equal to the sum of terms including external forces, collisions or diffusion of particles. The Boltzmann equation can be used to investigate the transport phenomena in systems with density and temperature gradients [10] ∂ ∂t
in which, In mathematics, the FPE is also known as the Kolomogrove equation. This equation can also be derived using the Kramer-Moyal expansion [10] :
where x obeys a Langevin equation [10] with the following relationv 1 (x) is the drift coefficient. Indeed, the FPE is a tool to describe a continuous Markov process that has the memory of the variable for the past time. In this article, the Langevin approach based on the Fokker-Planck equation has been used to demonstrate the electron energy distribution function (EEDF) in the fuel rod gap of a nuclear reactor. The drift and diffusion coefficients have to be known to investigate the behavior of EEDF. Furthermore, in this analysis, the drift coefficient has been taken as the stopping power of the Bethe formula. This issue has been addressed in the following paragraphs. Interaction of charged particles such as electrons with the matter is one of the main causes for the particles energy loss. In fact, the electrons can be scattered by the electric field of the atomic nuclei as well as the elastic or inelastic collisions with the shell electrons. Therefore, they concede their kinetic energy to the shell electrons or emit it in the bremsstrahlung form even at low energies. Interactions of electrons with the matter are summarized in Table 1 [11] . The Bethe theory describes the slowing down process of charged particles via ionization and radiation effects such as bremsstrahlung and pair production. So far, we can deduce that the total stopping power of electrons in matter can be obtained by considering the fractional energy losses in the collision and radiation process (ionization and bremsstrahlung) [11] :
The ionization energy loss of non-relativistic electrons can be approximated as follows [12] :
In the relativistic energy region the following equation will be added to the ionization energy loss expression [12] :
where T and β stand for the kinetic energy of electrons and their speed relative to c, respectively, In addition, Z, A (kg/mol), ρ (kg/m 3 ), N 0 and I represent the atomic number, atomic weight, density of matter, the Avogadro number and the mean excitation energy, respectively.
Methods
In order to estimate the energy distribution function of electrons passing through the fuel to the clad gap, as an absorbing medium, the Langevin approach based on the Fokker-Planck equation was used. In this regard, a suitable series expansion method was used and the 4th order Runge-Kutta numerical method was employed. Besides, to simulate the whole stochastic behavior of electrons in the fuel pellet, the fuel rod gap and the fuel clad, the Geant4 code was utilized. Therefore, the energy distribution of electrons in these three regions was calculated. Geant4 is a toolkit for simulating the passage of particles through matter. It describes (1) the tracking of particles through a geometry composed of different materials, (2) interactions with the electrons and nuclei encountered, and (3) the creation of other particles in these interactions [13] . The physics processes offered cover a comprehensive range, including electromagnetic, hadronic and optical processes, a large set of long-lived particles, materials and elements, over a wide energy range starting, in some cases, from 250 eV and extending in others to the TeV energy range. The equations of motion in Geant4 are solved utilizing Runge-Kutta methods [14] . The global effects generally computed in this code are the change of direction of the charged particles, net energy loss and displacement by using multiple scattering theories such as Moliere, Goudsmit, Saunderson and Lewis. In Geant4, the scattering of electrons by unscreened atomic nuclei was treated by the Mott differential cross section. A large number of physics observables have been subjected to comparisons between the reference data and the corresponding simulation data, thus extending the experimental validation of Geant4 [15] . All the electromagnetic models provided by Geant4 for electrons, photons, protons and particles have been compared [16] to the National Institute of Standards and Technology (NIST) database [17, 18] , which represents a well-known authoritative reference in the field. It confirmed a good agreement of all Geant4 electromagnetic models with the NIST reference and particularly highlighted details of each model, which cause their behavior to differ as a function of the incident particle energy. Also, complementary approaches are adopted for the validation of simulation results in the domain of hadronic physics and there is a good agreement between simulation and data.
In the following paragraphs, the methods of calculation in each of the Langevin approaches based on the Fokker-Planck equation and Geant4 code will be explained in detail.
Computational analysis

Use of the Fokker-Planck equation in calculating the electron energy distribution function
By utilizing the general FPE introduced in Eq. (3), the proposed form of the FPE for an electron passing through a medium is:
In our analysis, the drift coefficient has been considered as the stopping power and the diffusion coefficient has been taken as γkT m , so that β and k are the speed of the electron related to the speed of light and Boltzmann's constant, and parameter γ is a reciprocal of the relaxation time (τ ).
In this report, the electron energy intervals are divided into two categories: the classical and the relativistic. Accordingly, the stopping power of light particles is divided into two forms: a classical stopping power formula with ionization loss and a relativistic stopping power formula including ionization and radiation loss. Also, the continuous slowing down approximation (CSDA) approach is applied.
Calculation of slowing down time
In order to obtain γ and the diffusion coefficient evaluation, the slowing down time is calculated. In this regard, the following relation is considered [19] :
where m is the test particle's mass with charge equal to Ze. In other words, the test particle velocity u is equal to 2E m and E is the kinetic energy of test particle which passes through the field particle with mass m f , temperature T f , charge Z f e and density n f . In Eq. (9), α r is the diffusion constant, which is given by the floolwing relation [19] :
where ln Λ, the collision parameter, is equal to 23 ln n 1/2 f T 3/2 [20] .
It should be noted that the following equation is considered for calculating function ψ(β r , u) [19] :
The function of ψ(β r , u) is defined as follows [19] :
In these calculations, the U.S.NRC Regulatory Guide No.1.183 [21] has been used, which is illustrated in Table 2 . 
Use of the Runge-Kutta numerical method
As previously mentioned, calculation of the energy distribution function for electrons was performed using the FPE. This equation was solved using the RungeKutta numerical method. A computational program was designed in order to perform an accurate calculation of the energy distribution for electrons.
In this study, the stable state was considered. By substituting Eqs. (6) and (7) into Eq. (8) and using the parameter in Eq. (8), the final form of the FokkerPlanck equation was obtained.
A typical plot of the energy distribution function of an electron is shown in Fig. 1 . Fig.1 The computed energy distribution function of electrons using the Langevin approach based on the FokkerPlanck equation
Use of the Geant4 code in calculating the energy distribution of electrons
Calculation of the energy distribution function of electrons in the fuel pellet, the fuel rod gap and the clad of the fuel rod was performed using the Monte Carlo Geant4 code. The Geant4 code, a completely new detector simulation tool written in the programming language C ++ , was used to simulate the whole stochastic behavior of electrons. In this regard, fission reaction simulation was carried out via the Geant4 code inside the fuel pellet. Accordingly, Fig. 2 compares the results of the numerical solution of the Fokker-Planck equation using the Runge-Kutta method (dash line) and the Geant4 code results (solid line). Also, the standard error bar is shown in Fig. 3 for comparison of the obtained results given in Fig. 2 , and satisfactory agreement can be easily observed. Moreover, the energy distribution function for electrons was obtained in three regions, the fuel pellet, the fuel rod gap and the clad of the fuel rod. In this regard, the plots of EEDF by using the Geant4 code in the nuclear fuel pellet rod (long dash dot line), the fuel rod gap (dash line) and the clad of the fuel rod (solid line) have been depicted in Fig. 4 . Fig.4 Electron energy distribution function in the nuclear fuel rod (long dash line), the gap (dash line) and the clad (solid line) using the Geant4 code Fig. 5 illustrates the results of the Runge-Kutta numerical method (dash line) and the Geant4 code (solid line) to obtain the EEDF in the fuel rod gap at the beginning of reactor operation. Recall that the fuel rod gap has been filled by Helium gas at the beginning of reactor operation. Fig. 6 depicts the comparison of the EEDF in the fuel rod gap by using the Geant4 code in the presence of Helium gas (series 1) and Helium gas along with 100% of the fission fragment listed in Table 2 (series 2). Fig.6 Comparison between the EEDF in the fuel rod gap via the Geant4 code assuming Helium gas (series 1) and Helium gas together with 100% of the fission fragments listed in Table 2 (series 2) Fig. 7 illustrates the EEDF in the fuel rod gap considering 10% of the fission fragments listed in Table 2 using the Geant4 code (solid line) and the Langevin approach based on the Fokker-Planck equation (dash line). Also, the results of the Geant4 code (solid line) and the Runge-Kutta numerical method (dash line) assuming 50% of the fission fragments listed in Table 2 have been depicted in Fig. 8 . Fig.8 Electron energy distribution function in the fuel rod gap considering 50% of the fission fragments listed in Table 2 via the Geant4 code (solid line) and the Langevin approach based on the Fokker-Planck equation (dash line)
Figs. 9 and 10 depict the consequence of the RungeKutta numerical method and the Geant4 code to obtain the EEDF in the fuel rod gap, respectively, considering 10% (series 1), 50% (series 2) and 100% (series 3) of the fission fragments listed in Table 2 in logarithmic scale. Fig.9 Electron energy distribution function in the fuel rod gap considering 10% (series 1), 50% (series 2) and 100% (series 3) of the fission fragments listed in Table 2 via the Langevin approach based on the Fokker-Planck equation (logarithmic scale) Fig.10 Electron energy distribution function in the fuel rod gap considering 10% (series 1), 50% (series 2) and 100% (series 3) of the fission fragments listed in Table 2 with the Geant4 code (logarithmic scale)
Summary and discussion
In this paper, investigation on the energy distribution of electrons passing through the fuel rod gap was carried out via a numerical solution of the FokkerPlanck equation using the Runge-Kutta method.
In this regard, Eq. (8) was numerically solved for energy distribution of electrons via the 4th order RungeKutta method. Fig. 1 illustrates the electron energy spectrum from Eq. (8) in the fuel rod gap in which most of the electrons are in the low energy part. These low energy electrons have been created as a result of the interaction between electrons and the absorbing medium elements.
In addition, the energy distribution function for electrons in the fuel rod gap was calculated by using the Geant4 code. Fig. 2 shows the comparison between the results obtained from our proposed Fokker-Planck equation with the 4th order Runge-Kutta numerical method and the simulation outcomes via the Geant4 code in the fuel rod gap. In this figure, the discrepancy observed between results is due to the difference between the relativistic energy range considered in our study and in the Geant4 code. Using the standard deviation, a satisfactory agreement was observed in Fig. 3 . Also, Fig. 4 illustrates the EEDF results in the fuel pellet, the fuel rod gap and the clad of the fuel rod. As would be expected, it can be seen from Fig. 4 that the EEDF is enhanced in the fuel pellet and decreased in the clad of the fuel rod. Fig. 5 shows the EEDF calculation results in the fuel rod gap filled with Helium gas at the beginning of the reactor operation. Most noteworthy, the highly accurate Runge-Kutta technique was benchmarked by providing a comparison between the numerical solution with the results of the Geant4 code. Fig. 6 compares the results of the EEDF in the fuel rod gap via the Geant4 code in Helium gas (series 1) and Helium gas along with 100% gaseous fission fragments (series 2) entering into the fuel rod gap. This figure shows that the EEDF is independent of the absorbing medium in which electrons penetrate. That is because the ionization cross section for Helium by electron impact is low [22] . Moreover, Figs. 7 and 8 illustrate the analogy between the EEDF in the fuel rod gap obtained from the numerical method (dash line) and from the simulation (solid line) by considering 10% and 50% of the fission fragments listed in Table 2 , respectively. Based on the graphs depicted in the figures, it is confirmed that most of the electrons are thermal. It is concluded that, the Langevin approach based on the Fokker-Planck equation correctly predicts the EEDF in the fuel rod gap.
Also, the EEDF was calculated by assuming 10%, 50% and 100% of the gaseous fission fragments of Table  2 in the fuel to clad the gap via both the Runge-Kutta method and the Geant4 code. The obtained results were plotted in the logarithmic scale in Figs. 9 and 10 , respectively. According to the acquired results in this paper, the electron energy distribution function has lit-tle change by increasing the gaseous fission fragment in the fuel rod gap. Therefore, it remains nearly constant for a gap with different densities.
Moreover, our claim is supported by the Burns et al. experiments [23] . Also, it can be seen by considering 100% of the gaseous fission fragment in the gap, electron collision frequency by ions and neutral components increases. Therefore, electron temperature decreases and electrons recombination cross section by ions increases [24, 25] . Detailed numerical and simulation considerations demonstrate that the electrons are not mono-energetic. We conclude that due to the energy straggling of electrons passing through the fuel rod, most of them are essentially thermal, and the tail of the energy distribution of electrons was far from a Maxwellian distribution.
Also, regarding the accuracy of our calculations, the results of Deese, Hassan [7] have performed experiments and analyses to evaluate the EEDF in a tube coated with fissionable material filled with gas at some given pressure and temperature.
In order to compare the results of Deese, Hassan with the outcomes of this study, we displayed the energy distribution function of electrons in the energy region from 1 keV to 3 keV in Fig. 11 . The changes of the trend in Fig. 11 and Ref. [7] are similar. As a matter of fact, what is claimed in this research is supported by the Deese, Hassan [7] experiments.
(Manuscript received 26 September 2014) (Manuscript accepted 1 December 2014) E-mail address of Fereshteh GOLIAN: fereshtehgolian@gmail.com
